Configurations of protein-free DNA miniplasmids are calculated with the effects of impenetrability and self-contact forces taken into account by using exact solutions of Kirchhoff's equations of equilibrium for elastic rods of circular cross section. Bifurcation diagrams are presented as graphs of excess link, ⌬L, versus writhe, W, and the stability criteria derived in paper I of this series are employed in a search for regions of such diagrams that correspond to configurations that are stable, in the sense that they give local minima to elastic energy. Primary bifurcation branches that originate at circular configurations are composed of configurations with D m symmetry (mϭ2,3, . . . ). Among the results obtained are the following. ͑i͒ There are configurations with C 2 symmetry forming secondary bifurcation branches which emerge from the primary branch with m ϭ3, and bifurcation of such secondary branches gives rise to tertiary branches of configurations without symmetry. ͑ii͒ Whether or not self-contact occurs, a noncircular configuration in the primary branch with m ϭ2, called branch ␣, is stable when for it the derivative d⌬L/dW, computed along that branch, is strictly positive. ͑iii͒ For configurations not in ␣, the condition d⌬L/dWϾ0 is not sufficient for stability; in fact, each nonplanar contact-free configuration that is in a branch other than ␣ is unstable. A rule relating the number of points of self-contact and the occurrence of intervals of such contact to the magnitude of ⌬L, which in paper I was found to hold for segments of DNA subject to strong anchoring end conditions, is here observed to hold for computed configurations of protein-free miniplasmids.
I. INTRODUCTION
In paper I of this series on the theory of the elastic rod model for DNA ͓1͔, we derived several criteria for the elastic stability of a calculated equilibrium configuration of a DNA segment that is either a plasmid ͑i.e., a closed ring͒ or a linear segment subject to strong anchoring end conditions. We here apply the criteria to a classical problem: analysis of the stability of supercoiled configurations of protein-free plasmids. ͑See, e.g., Le Bret ͓2͔ and Jülicher ͓3͔.͒ Our results hold for the theory of the commonly employed elastic rod model which treats a DNA segment as in intrinsically straight, homogeneous, inextensible rod with elastic properties that are characterized by two elastic constants, the flexural rigidity A and the torsional rigidity C. Hence, the configuration Z of a DNA segment is determined once one has specified the curve C representing the duplex axis and the density ⌬⍀ of the excess twist about C. The elastic energy ⌿ of the segment is the sum of a bending energy ⌿ B which depends on the curvature of C and a twisting energy ⌿ T which depends on ⌬⍀. Thus,
and, when ⌿, ⌿ B , and ⌿ T are expressed in units of A/L with L the length of the segment,
where ϭC/A. ͑3͒
In earlier studies of the elastic rod model ͑cf. Refs. ͓4-6͔͒, explicit ͑and exact͒ solutions of Kirchhoff's equations were employed to calculate equilibrium configurations free from points of self-contact. The configurations and bifurcation diagrams shown here and in paper I were calculated using generalizations of those explicit solutions for cases in which excluded volume effects and forces arising from self-contact must be taken into account.
We are concerned with plasmids, i.e., segments for which both DNA strands form closed curves. The excess link in a plasmid, ⌬L, is a topological constant, which, by a now familiar result ͓7,8͔, obeys the equation
⌬LϭWϩ⌬T, ͑4͒
in which,
and W is the writhe of the closed curve C. There are several equivalent definitions of writhe; one, due to Fuller ͓9͔, was mentioned in paper I. For a sufficiently smooth curve C, one may write ͑see, e.g., the introductory survey ͓10͔͒ in which t(s) is the unit tangent vector for C, and x(s) is the location in space of the point on C with arc-length parameter s. We confine our attention to knot-free plasmids which are modeled as elastic, but impenetrable, closed rods ͑i.e., rings͒ for which the cross sections are circular with an invariant diameter D. The two important parameters for the calculations we present are and dϭD/L. ͑7͒
We assume that no external forces act on the plasmid under consideration, and that disjoint subsegments of the plasmid can interact only through contact. We assume further that when such contact occurs, the contact forces are normal to the surfaces of segments involved and moments are not exerted at points of contact; hence changes in configuration do no work against the contact forces.
A configuration is called an equilibrium configuration if ␦ ⌿, the first variation of ⌿, vanishes for each variation ␦Z in configuration that is admissible in the sense that it is compatible with the imposed constraints, which include the requirement that such topological properties as the value of ⌬L and the knot-free state of C be preserved. In the units employed for Eqs. ͑1͒ and ͑2͒, those equations imply that the resultant moment on the cross section with arc-length parameter s is
In an equilibrium configuration of the plasmid, at values of s other than those characterizing points of self-contact, M(s) and the resultant force F(s) obey the equations
These two balance equations, with M as in Eq. ͑8͒, yield a system of equations for C and ⌬⍀ which can be solved in terms of elliptic functions and integrals for a subsegment between points of self-contact ͑see, e.g., Refs. ͓4͔ and ͓6͔͒. Each such solution is determined by six solution parameters. A plasmid with n points of contact has 2n contact-free subsegments, and hence its configuration is determined when 12n solution parameters are specified. The condition of preassigned ⌬L and equations rendering precise geometric constraints at contact points and laws of balance of forces and moments at those points ͑i.e., Eqs. ͑44͒ and ͑45͒ of paper I͒ yield 12n equations which can be solved to calculate the solution parameters ͓11͔. In this manner we obtain the ͑con-stant͒ value of ⌬⍀ and a precise analytic representation of C for equilibrium configurations in which self-contact occurs at a finite number of points. The closed form expressions for C yield formulas that greatly facilitate calculations both of the elastic energy ⌿ ͑cf. ) for each configuration Z in N that is not equivalent to Z # and is accessible from Z # by a homotopy compatible with the constraints. ͑Lack of equivalence means that the two configurations, Z # and Z, differ in distribution of twist density or are such that the corresponding curves, C # and C, are not congruent, or both.͒ As we remarked in paper I, our definition of stability, as it requires that ⌿ have a strict local minimum, differs from a concept of stability often used in physics ͑see, e.g., Ref. ͓3͔͒ which, in the present subject, would require ⌿ to have a global minimum, i.e., to not exceed its minimum value for any other configuration that may be reached by an arbitrarily large variation compatible with the constraints. A configuration that is stable according to our definition but does not give a global minimum to the appropriate energy would be called ''metastable'' in other contexts.
When a configuration Z # is a member of a one-parameter family E of equilibrium configurations Z for which one can take ⌬L, ⌬T, and ⌿ to be given by functions ⌬L E , ⌬T E , and ⌿ E of W, as in bifurcation diagrams presented here and in paper I, Z # is stable only if the slope of the graph of ⌬L versus W for E is not negative at Z # . Thus the relation
which we call the E condition, is a necessary ͑but not sufficient͒ condition for stability. ͑This condition, derived in paper I under assumptions more general than the present, was obtained in a different form in a seminal paper by Le Bret ͓2͔.͒ On a cautionary note we mention, as we did in paper I, that there are exceptional families of equilibrium configurations for which ⌬L is not determined by W, because, for them, equilibrium is maintained when ⌬L is changed with C kept constant. Such is the case for those configurations of a plasmid in which C is a true circle, i.e., the configurations that form the ''trivial branch,'' which is labeled in the bifurcation diagram shown in Fig. 1 below.
An equilibrium configuration in E for which the excess twist density ⌬⍀ vanishes remains an equilibrium configuration when the plasmid is nicked, i.e., when one of its two DNA strands is severed. In paper I it is shown that a strengthened form of the relation ͑10͒, namely,
called the n condition, is a necessary condition for an equilibrium configuration in E with ⌬⍀ϭ0 to be stable both before and after nicking. In order for an equilibrium configuration Z # to be stable, it is necessary that, for each between 0 and L, there hold ()у0, where () is the slope of the graph of ⌬L versus W for the family of equilibrium configurations of the plasmid that contains Z # and is subject to the additional condition that the subsegment with рsрL be held rigid. ͓For the formal definition of () see Eq. ͑29͒ of paper I.͔ In the present paper we shall show that this condition, which was derived in paper I and there called the condition, can furnish a practical method of demonstrating that certain configurations that obey the E condition are in fact unstable.
In order for an equilibrium configuration to be stable it is necessary that the curve C representing the duplex axis give a strict local minimum to the bending energy ⌿ B in the class of curves that obey constraints and have the same writhe as C. This W condition, like the condition, can yield a method of further testing the stability of configurations known to obey the E condition.
Arguments given in paper I show that strengthened forms of the E condition and the W condition can be combined to obtain a condition sufficient for stability, called the S condition, which in the present context may be stated as follows: An equilibrium configuration Z # in E is stable if d⌬L E /dWϾ0 at Z # and, in addition, curve C(Z # ) has a neighborhood N such that for each Z* in the family E with writhe W * close to W # , there holds ⌿ B "(C )Ͼ⌿ B C(W*)… for every closed curve C in N that has writhe W* and is not congruent to C(W*).
In the next section of the paper we present calculated equilibrium configurations for plasmids and applications of the criteria just stated. The configurations and bifurcation diagrams shown were obtained using the generalized method of explicit solution. The basic parameters in our theory are dϭD/L and ϭC/A. For the cross-sectional diameter D of DNA we employed 20 Å, and we chose L to be the length of a segment for which the number N of base pairs ͑bp͒ is 359 ͑i.e., Lϭ359ϫ3.4 Å). When and the configuration ͑or, equivalently, the solution parameters͒ are known, the equations of the theory enable us to calculate ⌿, ⌿ B , and ⌿ T in units of A/L ͑cf. Eqs. ͑19͒-͑20͒ of Ref. ͓5͔, which are easily evaluated expressions for ⌿, ⌿ B , and ⌿ T in terms of solution parameters͒. To express our reported values of ⌿ and ⌿ B in kcal/mol, we needed a value for A; we chose A ϭ2.058ϫ10 Ϫ12 erg nm, which corresponds to a persistence length of 500 Å at 298 K ͑cf. Ref.
͓13͔͒.
Although we have in hand an easily applied rule for transforming the bifurcation diagram ͑presented as a graph of ⌬L versus W͒ for one value of into the bifurcation diagram for another value of ͓Eq. ͑40͒ of paper I͔, and we do describe the way in which the stability of equilibrium configurations depends on , we have chosen to present diagrams with set equal to 1.5, a value that corresponds to the very high end of the range of experimental results for C ͓14,15͔, because it is only at high values of that there are ranges of ⌬L in which stable nonplanar contact-free configurations occur ͑cf. Jülicher ͓3͔͒. The low end of the range of experimental determinations of C yields 0.7 for ͓16,17͔. Section II concludes with a figure showing how the class of stable configurations for ϭ1.5 differs from that for ϭ0.7.
Here, as in paper I, our calculations are intended to illustrate a method of investigating the elastic stability of configurations, not to argue that specific values of or D are appropriate for the ratio of the elastic moduli or the effective diameter of DNA.
The results we present in Sec. II have been obtained with rigor and precision in the theory under consideration, namely that in which a DNA segment is modeled as a homogeneous rod obeying the special case of Kirchhoff's constitutive relations in which the rod is assumed to be not only both inextensible and kinematically symmetric, but also of circular cross section. Without dwelling on the obvious limitations of such a model as a representation of a true DNA segment, we should like to make two cautionary remarks about the applicability of our results that touch on matters other than the lack of homogeneity and axial symmetry in actual DNA segments:
͑i͒ Since the value of N employed in our calculations corresponds to approximately 2.5 persistence lengths under normal experimental conditions, we do not claim that the configurations we calculate would be free from fluctuations, or that for them one can set differences in ⌿ equal to differences in the free energy of supercoiling. ͑For calculations of the free energy of supercoiling for miniplasmids see, e.g., Refs. ͓18-22͔.͒ ͑ii͒ The calculations we report do not account for the effects of electrostatic repulsion. To do so in an approximate way, one may consider replacing the ͑average͒ ''geometric'' value of D by an ''effective'' value, say Df, with f Ͼ1 ͑see, e.g., Refs. ͓23͔ and ͓24͔͒. When electrostatic effects are absent, calculations of the type we have performed for plasmids of size N and ͑geometric͒ cross-sectional diameter D are applicable to plasmids of size Nf with diameter Df. Equilibrium configurations for specified values of ⌬L remain essentially the same under such rescaling; i.e., curve C undergoes a similarity transformation with scale factor f, the excess twist ⌬T ͑as well as the writhe W͒ remains invariant, and the elastic energy ⌿ ͑in units of kcal/mole͒ changes to ⌿ f ϭ⌿/ f . One may hope that if one chooses f judiciously, one can obtain, from calculations that ignore electrostatic forces, useful, albeit approximate, values of properties of a miniplasmid of size Nf and geometric diameter D that is subject to electrostatic effects.
In Appendix A we discuss an illustrative example which shows that, once one is able to find all the equilibrium configurations in a given region of the (⌬L, W͒ plane, or, equivalently, in the ͑⌿, ⌬L) plane, one can find lower bounds for energy barriers for the various pathways by which a transition at fixed ⌬L from one ͑locally͒ stable state to another stable state can be realized. We remark there that before the estimate of activation energy which that example yields can be accepted with confidence, it will be necessary to resolve an open problem mentioned in the last paragraph of Sec. II.
II. CONFIGURATIONS AND BIFURCATION DIAGRAMS
For each pair (N,⌬L), a plasmid has at least one, and usually several, equilibrium configurations ͑see, e.g., Refs. ͓2͔ and ͓3͔͒. As ⌬L varies at fixed N, these configurations vary and form families of equilibrium configurations. We focus our attention on groups of such families, also called branches, that contain configurations with three or fewer points of maximum curvature and that are connected to a branch, called the trivial branch, which is made up of the configurations for which C is a circle. In the figures that trivial branch is labeled and is shown as a dotted line. Branches ␣ and ␤, which originate at a bifurcation point of the trivial branch, are shown as heavy solid lines and are called primary bifurcation branches. Branches that originate at bifurcation points of a primary branch ͑and hence are connected to by a single primary branch͒ are called secondary bifurcation branches. In the figures the secondary branches have labels that bear subscripts, e.g., ␤ I , ␤ II ,..., and are shown as light solid curves. A tertiary bifurcation branch, ␤ II * , that originates at a bifurcation point of the secondary branch ␤ II is also shown as a light solid line ͑see Fig. 1͒ .
Since the ͑protein-free and knot-free͒ plasmids we consider have a symmetry such that for equilibrium configuration the transformation ⌬L→Ϫ⌬L takes W into ϪW and leaves ⌿ unchanged, we take ⌬L to be positive.
When ⌬L is less than a critical value, ⌬L*, a miniplasmid has just one equilibrium configuration and it belongs to . In the present case (Nϭ359, ϭ1.5), ⌬L*ϭ1.029 and there are two equilibrium configurations with ⌬Lϭ⌬L*: one is in , and the other, with W*ϭ0.927, has a single point of self-contact and corresponds to the point A 1 on branch ␣. Each point of for which ⌬Lϭ Ϫ1 ͱm 2 Ϫ1, mϭ2,3,4, . . . ,
͑12͒
is a bifurcation point at which a family of solutions with W 0 intersects , i.e., at which a primary branch originates ͓25͔. We call the integer m in Eq. ͑12͒ the index of the primary branch. The first such bifurcation of occurs at ⌬Lϭ⌬L ␣ ϭ Ϫ1 ) and gives rise to branch ␣ which has an index of 2; the second occurs at ⌬Lϭ⌬L ␤ ϭ Ϫ1 2& and gives rise to the branch ␣ which has an index of 3. We note that ⌬L* is the smaller of the two numbers ⌬L ␣ and ⌬L͑A 1 ͒, where A 1 is the configuration of minimum writhe which ͑i͒ lies in the branch ␣ and ͑ii͒ is such that the plasmid has a point of self-contact.
A list of possible symmetry groups of contact-free equilibrium configurations of closed elastic rods with ⌬L 0 was given by Domokos ͓26͔. ͑His analysis rests on the assumption that the force vector F is independent of s, an assumption valid when self-contact does not occur.͒ We find that for each mу2, the symmetry group of all configurations in the primary branch with index m is the dihedral group D m of order 2m. Hence, whether or not self-contact is present, the curve C for a configuration on the primary branch of index m has a single m-fold symmetry axis that is perpendicular to the plane P containing the 2m points at which the curvature of C has a local extremum ͑i.e., a maximum or a minimum͒. Each of the m lines that intersect the m-fold symmetry axis and pass through two extrema of is a twofold symmetry axis.
It is clear that on the trivial branch there holds dW/d⌬Lϭ0, and ⌬L, ⌬T, and ⌿ are not given by functions of W. Although the theory of the E condition and condition is not directly applicable to configurations in , one can show that those circular configurations are stable when ⌬L is less than ⌬L ␣ , and unstable when ⌬L is greater than ⌬L ␣ . ͑A formal proof of this assertion is given in Appendix B.͒ In Fig. 2 we give graphs of ⌿ B versus W for the branches of the bifurcation diagram of Fig. 1 . The utility of such graphs for investigation of the stability of calculated equilibrium configurations of plasmids was noted by Le Bret ͓2͔. Arguments given in paper I imply that here, on each nontrivial branch,
This relation, which follows from Eq. ͑20͒ of paper I with Pϭ0 ͓see also Ref. ͓9͔, Eq. ͑5͔͒, tells us that the data in Fig.  2 determine ⌬L as a function, ⌬L E , of W, i.e., Fig. 1 can be reconstructed from Fig. 2 .
As the configurations in have zero writhe and bending energy 2 2 ͑in units of A/L), the trivial branch reduces to a single point in Fig. 2 . It follows from Eqs. ͑12͒ and ͑13͒ that the primary bifurcation branches correspond to curves in Fig.  2 A configuration that minimizes ⌿ B in the class of equilibrium configurations with a given writhe also minimizes ⌿ B in the class of all configurations with the same writhe. Hence, the calculations that gave us Fig. 2 tell us that for each writhe the global minimum of ⌿ B at that writhe is attained by a configuration in branch ␣.
Details of the graph of ⌬L versus W for branch ␣ are shown in Fig. 3͑a͒ . For nϭ0, 1, 2, and 3, the configurations with n points of self-contact correspond to points on that graph between A n and A nϩ1 and form smooth families of equilibrium configurations. As we know that the branch ␣ is a locus of configurations that minimize ⌿ B at fixed W, we can apply the S condition and assert that a configuration in ␣ is stable if ͑and only if͒ it obeys the E condition. Although d⌬L/dW suffers a jump at the points A n , in the present case the right-hand and left-hand derivatives are positive at A 2 and A 3 , and hence the configurations corresponding to those points are stable. At A 1 , d⌬L/dW has left-and right-hand derivatives that have opposite signs; at the point X, shown as a solid circle in Fig. 2 are shown in Fig. 4 . Each of these configurations has D 2 symmetry, i.e., has three twofold symmetry axes, two of which lie in the plane P. As ⌬L increases, the number of self-contact points in a configuration on the branch ␣ increases in the sequence 1, 2, 3, until ⌬L attains its value at A 4 . ͑For the values of and D/L employed here, that value of ⌬L is 2.521.͒ A configuration with ⌬L near to, but greater FIG. 3 . Graphs of ⌬L versus W, and ⌿ versus ⌬L, for branches and ␣. The configurations corresponding to points ᭺ and ᭹ are shown in Fig. 4. 
FIG. 4. As explained in the text, configurations at X and A
1 are points of exchange of stability, and for each n, A n is the configuration of smallest writhe in branch ␣ with n points of self-contact. Here, as in Figs. 6, 8, 9 , and 11, the following conventions are employed: the top row shows the projection of C on plane P with the twofold symmetry axes in P, drawn as dashed lines. The bottom row shows the plasmid depicted as a tube of diameter 20 Å viewed at an angle of 75°to T. The scale is constant in each row, but is reduced in the top row. ⌿ is given in kcal/mol. than, 2.521 has two isolated points and an interval of selfcontact; for such a configuration, attains its minimum at the two values of s corresponding to the midpoint of the interval of self-contact.
The value of W corresponding to point X is sensitive to . Had we here put ϭ1.4, as we did in a discussion of mononucleosomes in paper I, the interval between A 0 and X would have been too small to show clearly in Figs. 3͑a͒ Perhaps of greater importance than the observations just made, at least for those concerned with topoisomer distributions, is the fact that there is a range of ͑which is Ͻ1.600 for the present value of d͒ such that for a small interval of values of ⌬L bounded above by ⌬L ␣ there are not only two stable configurations, one in ␣ with a single point of self-contact, i.e., a ''figure 8,'' and the other in , but, in addition, the ''figure 8'' configuration has lower elastic energy than the circular configuration. ͑See also Le Bret ͓2͔, Tsuru and Wadati ͓29͔, and Jülicher ͓3͔.͒
The graph of ⌬L versus W for ␤, which branches off from at B 0 and has index 3, is shown in Figs. 1 and 5͑a͒ . The configurations in ␤ have D 3 symmetry. Those between B 0 and B 1 are contact-free, those between B 1 and B 2 have three points of self-contact, and those with ⌬L greater than but close to its value ͑4.653͒ at B 2 have six points of selfcontact. ͑See Fig. 6 .͒ For each branch that bifurcates from ͑including branch ␤͒ there is an interval of values of W containing Wϭ0 for which the corresponding equilibrium configurations are contact-free. ͑In fact, all nontrivial contact-free configurations are in primary bifurcation branches.͒ We have found that the contact-free equilibrium configurations in primary branches with index mϾ2 do not obey the condition and hence cannot be stable, even if they obey the E condition. ͑See, for example, the graph of () versus /L shown in Fig. 7 for the configuration U, which does obey the E condition.͒ It follows that a protein-free plasmid can have nonplanar stable equilibrium configurations that are contact-free only if Ͼ1.375, and if such configurations occur, they must be in ␣. This conclusion is stronger than a result of Le Bret ͓2͔ to the effect that for such a plasmid to have stable, nonplanar, contact-free configurations it is necessary that Ͼ1.
Let m be the value of for which the branch that bifurcates from with index m is such that d⌬L/dWϭ0, at the point where Wϭ0. If Ͼ m , then there are contact-free configurations in the branch with index m obeying the E condition, but if Ͻ m there are no such contact-free configurations in the branch. Applying the explicit solution method for contact-free equilibrium solutions ͓4-6͔ to an analysis of solutions near to the circular solutions with ⌬L k as in Eq. ͑12͒, we have found that, to within eight significant figures for m ,
In particular, 2 ϭ 11 8 and, as stated above, if Ͼ 11 8 , the interval of points in ␣ corresponding to stable equilibrium configurations is not empty. ͑For mϾ2, if Ͼ m , the branch with index m will have an interval with contact-free equilibrium configurations that obey the E condition, but, as we have noted, are unstable.͒ Since the value of that we are using exceeds 3 ϭ 7 6 , there is an interval of writhe values, which in the present case is 0ϽWϽ0.900, for which the configurations in ␤ are contact-free and have d⌬L/dWϾ0. For 0.900ϽWϽ1.948 ͑where 1.948 is the writhe of B 1 ), d⌬L/dWϽ0. Because all the contact-free configurations in ␤ are unstable, the point in ␤ where Wϭ0.900 is not a point of exchange of stability.
We have remarked that the contact-free configurations in ␤ fail to obey the condition. One also can show that those configurations do not obey the W condition by constructing admissible variations with ␦Wϭ0 that lower ⌿ B . Consider, for example, the configuration labeled U in Fig. 5 which has Wϭ0.5, ⌬Lϭ1.975, and is shown in Fig. 8 , where q 0 denotes the distance ͑32.8 nm͒ between the two points of extrema of curvature of C that lie on the twofold axes of symmetry for U. We have constructed a one-parameter set H of configurations U ͑͒ of the plasmid such that each configuration in H yields ␦⌿ϭ0 for each variation in C obeying the constraints that ͑i͒ C has a twofold axis of symmetry, ͑ii͒ W stays at its value in the configuration U, ͑iii͒ the distance between the points on the symmetry axis is We now turn to the configurations in ␤ with self-contact. Such configurations have loops. For rods and ropes the concept of a loop is intuitive. DNA segments, such as the subsegment D f of a miniplasmid in a mononucleosome ͑cf. paper I͒, that are subject to constraints that keep endpoints in proximity are often called loops, even if free from selfcontact. Here, when we call a subsegment of a protein-free plasmid a loop, we presuppose that its ends are in contact. At sufficiently large values of the writhe, a loop shows selfcontact not only at its end points, but also in its interior. It is in agreement with current usage to call a loop with more than one self-contact a plectonemic loop, or, for short, a plectoneme. FIG. 6 . Selected configurations in the branch ␤. B n denotes the configuration of smallest writhe in ␤ with 3n points of selfcontact. Shown are B 0 , B 1 , and B 2 . The configurations at points F and G would remain in equilibrium if the plasmid were nicked; F is unstable; G is stable and would remain so after nicking. P is the configuration at the point of secondary bifurcation.
FIG. 7. Graphs of versus /L for configurations U and G in branch ␤ that, as seen in Fig. 5 , obey the E condition with d⌬L/dW strictly positive. The plasmid is contact-free in configuration U and has three points of self-contact in G. In both cases, →ϱ as →0 ϩ . For G, ()Ͼ0 for all 0рϽL; for U, () vanishes at two values of , and there are two singular values of ͑marked with vertical dotted lines͒ at which → ϩϱ from the left and Ϫϱ from the right.
When ⌬L exceeds its value at B 1 , the configurations in the branch ␤ have three congruent loops. Between B 1 and B 2 , each such loop has one point of self-contact ͑at its endpoints͒. For W ͑or, equivalently, for ⌬L) greater than its value at B 2 , these loops are plectonemes. Points B 1 and P are points of secondary bifurcation. At B 1 , the point on ␤ with the smallest ⌬L for which selfcontact occurs, branches ␤ I and ␤ II originate. Two other branches, ␤ III and ␤ IV , originate at P. Although, as we have remarked, the configurations in ␤ have ͑in accord with the known properties of primary branches͒ one threefold symmetry axis and three twofold symmetry axes, those in ␤ I -␤ IV have a symmetry corresponding to group C 2 of order 2, i.e., have only a single twofold symmetry axis and it is unique. ͑See Figs. 9 and 11.͒ The configurations in ␤ I have one loop which, as ⌬L increases above its value at B I 2 , becomes plectonemic. The configurations in ␤ II have two such loops, which are congruent. The configurations in ␤ III and ␤ IV have three loops, of which one intersects the symmetry axis and the other two are congruent. In ␤ III , the loop that intersects the symmetry axis becomes plectonemic when W increases above its value at B III 2 . In ␤ IV , the two congruent loops become plectonemic when W increases above its value at B IV 2 . In each case that we have studied, the number of self-contacts in a plectonemic loop increases in the sequence 1, 2, 3, with an interval of points of self-contact occurring at higher ⌬L. ͑Such is the case also for the extranucleosomal loop of miniplasmids in mononucleosomes ͑see paper I͒ and for plectonemic loops in linear DNA segments subject to tension and torsional moments ͓11͔.͒ When we say that ␤ I , ␤ II , ␤ III , and ␤ IV ''originate'' at a secondary bifurcation point, i.e., are ''secondary branches'' that ''branch off'' from the primary branch ␤, we employ a terminology that follows a natural convention: if, as a parameter ͑e.g., ⌬L or W͒ is varied, a primary branch enters a point and several other branches exit from the point with precisely one of the exiting branches having the symmetry properties of the primary branch, we consider the branch that exits with the original symmetry to be the continuation of the primary branch and the others to be secondary branches that originate at the bifurcation point.
The notation we used in Figs. , and points B III 1 and B IV 1 are the same as point P. The secondary branch ␤ II has a bifurcation point S, at which a tertiary branch, ␤ II * , originates. The configurations in ␤ II * have no discernible symmetry; each contains two noncongruent loops. As W increases, one loop becomes plectonemic, while the other appears to ''flatten'' ͑or ''become more planar''͒ as well as ''tighten'' ͑or increase in bending energy͒ ͑see Fig. 9͒ .
As shown in Fig. 5͑a͒ , the graphs of ⌬L versus W for branches ␤, ␤ I , ␤ II cross the line ⌬LϭW. The configura- 2 , the configuration of smallest writhe in ␤ I with two points of self-contact; B II 2 , the configuration of smallest writhe in ␤ II with four points of self-contact; S, the configuration at the point of tertiary bifurcation of ␤ II ; and B II * 3 , the configuration of smallest writhe in ␤ II * with four points of self-contact. tions corresponding to those crossing points would remain in equilibrium if the plasmid were nicked. Such points on branch ␤ are labeled F and G and marked ᭝ in Fig. 5͑a͒ . At F, d⌬L/dWϽ1, and hence the corresponding configuration is unstable. Since point G lies between B 1 and P, the configuration corresponding to G obeys the condition ͑see Fig.  7͒ and, since it obeys the condition d⌬L/dWϾ1, if it is stable, it will remain so when the plasmid is nicked.
Analysis of the stability of configurations in branches ␤, ␤ I -␤ IV , and ␤ II * requires care. By using the condition, we can show that not only the contact-free configurations in ␤ but also all the configurations ͑with self-contact points͒ that are in ␤ I , ␤ II , or ␤ II * , or are in ␤ with W greater than its value at P, or in ␤ III between P and B III 2 , or in ␤ IV between P and B IV 2 are unstable, whether or not they obey the E condition. The remaining configurations, namely those in ␤ between B 1 and P, those in ␤ III with W greater than W(B III 2 ), and those in ␤ IV with W greater than W(B IV 2 ), obey the condition. Verification that the S condition holds suffices to prove stability, but such verification usually is not easy, because for equilibrium configurations other than those on the branch ␣ it is a very difficult matter to prove that ⌿ B has a ͑local͒ minimum at fixed W.
Our experience indicates that whenever an equilibrium configuration Z # of a plasmid fails to obey the condition, we can find a counterexample showing that Z # does not give a strict ͑local͒ minimum to ⌿ B at fixed W ͑see, e.g., Fig. 8͒ . As we have not been able to find such counterexamples for configurations that do obey the condition, we conjecture, with as yet no formal proof, that satisfaction of the condition is not only necessary, but also sufficient for stability of an equilibrium configuration of a plasmid. Consequences of this conjecture of sufficiency of the condition for stability of configurations of plasmids will be studied in Appendix A. We consider the development of methods of proving or disproving the validity of the conjecture to be a major open problem in our subject. To give some idea of the importance of the problem, we remark that, if the conjecture is correct, then configurations corresponding to points of the heavy solid curves in Fig. 12 are stable ͑in the sense that they give to ⌿ strict local minima in the class of configurations with equal ⌬L͒, but, until the validity of the conjecture is established, we can assert with absolute certainty only that the segments of branches which are drawn as light curves in the figure are composed of unstable configurations and the segments of the branches and ␣ drawn as heavy curves are composed of stable configurations.
